On the basis of the general theory of elastic thin shells and the Kirchhoff-Love hypothesis, a fundamental equation for a thin shell under the moment theory is established. In this study, the author derives Reissner's equation with a transverse shear force 1 and the displacement component . These basic unknown quantities are derived considering the axisymmetry of the deep, thin spherical shell and manage to constitute a boundary value question of axisymmetric bending of the deep thin spherical shell under boundary conditions. The asymptotic solution is obtained by the composite expansion method. At the end of this paper, to prove the correctness and accuracy of the derivation, an example is given to compare the numerical solution by ANSYS and the perturbation solution. Meanwhile, the effects of material and geometric parameters on the nonlinear response of axisymmetric deep thin spherical shell under uniform external pressure are also analyzed in this paper.
Introduction
Thin shells are widely used in engineering structures, especially in long-span structures, for their good performance in strength and stiffness. Thin shells are also used in some mechanisms as the stressed surface which is applied distributed pressure like water and wind pressure. Recently, a novelty wind pressure sensor is proposed by Dan et al. [1] , which used fiber Bragg grating as the transducer and the thin shell as the wind pressure bearing component. The motivation of this paper is to find an analytical approach to analyse the internal force and deformation behaviors of the wind pressure stressed thin shell in the sensor.
At present, the research on the mechanical behavior of deep thin spherical shells is as common as that of thin circular plates or shallow spherical shells. In 1948, Weichang [2] first applied the thin film expansion method to obtain the perturbation solution to large deflections of clamped thin isotropic circular plates under uniformly distributed transverse loads. In 1967, Lukasiewicz, [3] with the shallow shell theory, solved the situation when a shallow shell bore a concentrated tangential force at its vertex, a concentrated couple in the normal plane, or a concentrated couple in the tangential plane. Huy Bich and Van Tung (see [4] ) proposed an analytical approach to investigate the nonlinear axisymmetric response of functionally graded shallow spherical shells subjected to uniform external pressure incorporating the effects of temperature. Several authors [5, 6] used some assumptions to obtain the analytical solutions of the problem for both shallow and deep but isotropic spherical shells. Li et al. [7] adopted the modified iteration method to solve nonlinear stability problem of shear deformable isotropic shallow spherical shells under uniform external pressure.
Deep thin spherical shell bending is generally complicated. However, as is commonly seen in real engineering applications, the problems for axisymmetric bending are easily solved. In a literature example [8] , the equation can be solved with Reissner's equations [9, 10] describing axially symmetric deformations of thin elastic deep shells of revolution by large deflections and rotation angles by adding some boundary conditions, but without giving the specific realization approach. Evkin and Kalamkarov [11, 12] applied the singular perturbation method in combination with the variational method to the general Reissner's equations. Thredgold [13] considered the numerical solution of equations for the deformation of a spherical shell using a finite difference methodology. Colgan et al. [14] used an elementary perturbation analysis to find an analytic solution to the linear equations for the small symmetric deformation of a deep spherical shell. Evkin [15] studied nonlinear behavior of deep orthotropic spherical shells under inward radial concentrated load, and the asymptotic solution he obtained is in close agreement with the experimental and numerical results and has the same accuracy (in the asymptotic meaning) as the given equations of nonlinear theory of thin shells. Some domestic researchers [16] [17] [18] solved the bending problem of deep thin spherical shells by establishing a differential equation with the assumption that the mid-surface meridian displacement = 0 under the edge effect. The accuracy of solutions is proven afterwards. Some researchers apply the nonmoment theory, considering the edge effect in solution, with reference to the solution of cylinder shell. This method should be based on the assumption that both bending moment and torque are zero on the transversal surface. In addition, three more conditions should be satisfied compulsively to increase applicability. First, the middle surface of the shell must be a curved smooth surface without any abrupt changes of slope or curvature. Second, the external load must be continuously distributed with neither an abrupt change nor a concentrated load. Third, the deflection on the edge cannot be constrained, nor can the rotation around the boundary line be constrained. In real applications, the first two requirements are easily satisfied, but the third is generally difficult. In some areas near the shell's boundary, moment is almost inevitable. All of these cause an adverse effect on accuracy and feasibility. Therefore, it is necessary to find a new analysis method that is applicable to the real stress state. We also noticed that the advanced composite materials and structure are hot issues and are studied by many researchers nowadays. Recently, new advanced shear deformation theories are developed by El Meiche et al. [19] to analyse the force and deformation behaviors of thin sandwich plate, and its efficient and higher-order version is also studied by Larbi et al. [20] and Bessaim et al. [21] . This shear deformation theories based approach is proved to be a good performance on the static and dynamical analysis of plate-like structure. It may be a worthy task to apply this approach to thin shell-like structures. Here in this paper, we employ the moment theory to determine the deformation behavior of a thin shell under pressure.
Based on the general theory of an elastic thin shell, a fundamental equation for thin shells under the moment theory is directly established. Reissner's equation is derived with a transverse shear force 1 and displacement component as the basic unknown quantities, considering the axisymmetry of the deep thin spherical shell. We also manage to constitute a boundary value question of axisymmetric bending of deep thin spherical shells under boundary conditions. With perturbation theory based on the composite expansion method, a solution with a higher accuracy is obtained. 
Fundamental Equation of Deep Thin Spherical Shell
As shown in Figure 1 , the radius is , the central angle is 0 , the thickness is , and the principal radius of curvature in the middle surface is 1 = 2 = . The Lame coefficients in the middle surface, 1 , 2 in Figure 1 , are 1 = and 2 = sin , respectively. An orthogonal curvilinear coordinate system is built. As shown in Figure 1 , and are the principal curves of curvature. is a straight normal line pointing towards the convex side.
Geometric Equation.
The basic hypothesis of shell theory is adopted. The normal in the middle is perpendicular to the middle surface even after it is deformed. The line, which is perpendicular to the middle surface, is trivial.
The normal strains 1 , 2 of the points in the middle surface along the and directions are as follows:
where and are the displacements of the points on the middle surface going through and , respectively. The changes of their principal curvatures 1 and 2 are as follows:
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The strains 1 and 2 of any points in the shell can be expressed as follows:
For a deep thin spherical shell, the components of the strain that reflect the whole shell's deformation status are obtained according to (3).
Physics Equation.
On the basis of the basic hypothesis of shell theory, the normal stress parallel to the middle surface's cross section is far less than the normal stress on the cross section. Regardless of its effect on the strain, the following physics equation is obtained:
The internal forces 1 , 2 , 1 , and 2 can be described by the mid-surface deformation component as below:
In (4) and (5), is Poisson's ratio of the shell; is flexural rigidity, = 3 /12(1 − 2 ). According to (5), 1 + 2 , 2 + 1 , 1 + 2 , and 2 + 1 , then the following formula is obtained:
From the equations above, it can be seen that, in the shell, the stresses caused by film forces 1 and 2 are uniformly distributed along the shell thickness. The bending stresses caused by bending moments 1 and 2 are distributed in a straight line along the shell thickness.
Equilibrium Equation.
By converting the external load into load components and per unit area of middle surface, the following differential equilibrium is obtained by listing all the internal force components projecting along and and the projection of axial moment along and :
Perturbation Solution for Axisymmetric Bending Boundary Value
By substituting geometric equations (1) and (2) into the physics equation (5), the elastic equation describing the relationship between internal force and displacement is obtained:
Elastic equation (8) and the three equilibrium equations (7) together with the boundary conditions constitute the boundary value problem of axisymmetric bending of a deep thin spherical shell. Seven unknown functions can be solved in total, including 5 internal forces 1 , 2 , 1 , 2 , and 1 and 2 displacements and .
Formula for Mid-Surface Meridian Displacement under the Moment Theory.
By subtracting the first two formulas of (8) , is eliminated, and the following formula is obtained:
By substituting variable = sin , (9) is changed into the following form:
After integration, the original variable is substituted into the equation
According to the symmetry condition of a shell roof,
When = 0, = 0, the formula below is obtained:
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Reissner's Equation.
Based on the equilibrium equation (7), the internal forces 1 , 2 can be described as follows:
where
The subscript * represents the displacement and internal forces under the nonmoment theory. Now a differential equation can be derived with Reissner's approach.
The last two equations are substituted into the third equation of equilibrium equation (7):
When edge effect works, = 0 [7] , and the following equation can be obtained by subtracting the second equation from the first in elastic equation (8):
By taking derivative of (8),
According to (18) and (17), the following formula is obtained:
By substituting (12) and (13) 
Then the differential equation of deep thin spherical shell is obtained:
We chose * as the particular solution of (21), and its homogeneous equation can be derived as a perturbation solution:
Perturbation Solution to Boundary Problem.
The fixed support deep thin spherical shell is subjected to a uniformly distributed normal load. This can be used as an example to obtain its internal force by the perturbation method. In regard to an axisymmetric deformation of a bottom fixed deep thin spherical shell, the boundary conditions are as follows:
After variable substitution,1 = 1 sin , = 0 − , = − , = cos( 0 − )/ cos 0 , and = 1/ cos 0 , > 1, (22) can be changed into
Boundary conditions are changed into
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Consider ≫ and let = √ /√12(1 − 2 ) , and nondimensionalization is carried out:
Finally, the differential equation (24) can be written in the following form:
The boundary conditions are changed into
By employing the composite expansion method, the perturbation solution to the differential equation is set as follows: Generally, a differential equation has two types of solutions: an exterior solution and an interior solution. The counterparts are then matched. In the composite expansion method, the perturbation solutions ( , ) and ( , ) are divided into two parts, ( , ) and ( , ). Then the differential equations that ( , ), ( , ), ( , ), and Ω( , ) should satisfy are deduced, respectively. The benefit of this approach is that the boundary conditions can be strictly met.
The boundary conditions of the perturbation solution to the equation = ( − 1)/ can be rewritten as follows:
It is required that 0 ( , ), 1 ( , ), . . . , Ω 0 ( , ), Ω 1 ( , ), . . . are shape functions of boundary layer, of which the values beyond the boundary can be ignored. Hence, when → ∞, the function approaches zero exponentially; that is,
Thus,
By substituting ( , ) and ( , ) into (27), the following equation set is obtained:
Let the solution in (33) take the forms of
And substituting it into (33) and comparing the coefficients of under = 0, 1, 2, . . ., we obtain
By substituting = + 1, ( , ), and Ω( , ) into (33), the following formula is obtained:
The boundary conditions of the corresponding situations are | =0 = − , / | =0 = 0, lim → ∞ = 0, lim → ∞ ( / ) = 0, and lim → ∞ Ω = 0.
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To ensure the accuracy, the perturbation solutions are approximated as follows.
(1) = 0. To substitute = 0 + 0( ) and Ω = Ω 0 + 0( ) into (37) and compare their coefficients of terms 0 , we have
; (38) can be changed into 
The general solution of (39) is
By applying the boundary conditions,
we get the following constant:
The particular solution to (38) that meets the same boundary conditions above can be written as
where = √2/(2 2 + 1).
(2) = 1. To substitute = 0 + 1 + 0( ) and Ω = Ω 0 + Ω 1 + 0( ) into (37) and compare their coefficients of terms ,, we get
The particular solution to (44) which meets the boundary condition is
(45) (37) and compare the coefficients of terms 2 , we have
Its particular solution can be written as
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Thus, the second order perturbation solution to differential equation (27) is obtained as shown below:
The solution to the differential equation is
The following perturbation solutions of all internal forces are obtained when the solutions (49) are substituted into (13), (14) , and the last two equations of the elastic equation (8):
(50)
Case Studies
In this section, the effect of material and geometric parameters on the nonlinear response of axisymmetric deep thin spherical shell under uniform external pressure is analyzed by an example. The shells are assumed to be clamped along boundary edge. In characterizing the behavior of the spherical shells, deformations in which the central region of a shell moves toward the plane that contains the periphery of the shell are referred to as inward deflections (positive deflections). Deformations in the opposite direction are referred to as outward deflections (negative deflections).
As part of the validation of the present method, the static behavior of a deep thin spherical shell under uniform external pressure is analyzed, which was also considered by Fan using To illustrate the proposed approach, we consider a standard shell with the following properties: thickness = 0.2 m, spherical radius = 10 m, central angle = 45 ∘ , Young's modulus = 30 GPa, and Poisson's ratio = 0.3.
To verify the accuracy of the perturbation solution, a finite element model of the deep thin spherical shell is established using ANSYS, which is shown in Figure 2 . The effects of material and geometric parameters on the nonlinear response of the deep thin spherical shells with immovable clamped edge under uniform external pressure and the error analysis between ANSYS numerical solution and perturbation solution are considered in Figures 3∼10. It should be noted that, in Figures 3(a)∼10(a) , the solid lines ((1), green color; (2), blue color; (3), red color) represent perturbation solution, and the dots ((1), green color; (2), blue color; (3), red color) represent ANSYS numerical solution.
Figures 3(a) and 4(a) show the effect of thickness ( = 0.1, 0.2, and 0.3) on the nonlinear response of the deep thin spherical shells subjected to external pressure. As a whole, the absolute value of internal force 1 increases when gets larger, whereas internal force 1 changes in the opposite trend. Furthermore, through the comparison of the ANSYS numerical solution and perturbation solution, their changing tendency is in agreement qualitatively. The error analysis on the result obtained by using the two different ways in which the method of global error analysis is used to consider the effect of thickness on the deep thin spherical shells is conducted in Figures 3(b) and 4(b) . The calculated results analysis shows that the error of the perturbation method can be controlled in a limited range, so we see the method does well in validity. pressurized deep thin spherical shells. As can be observed, the absolute value of internal forces 1 and 1 enhances considerably as curvature radius increases. In addition, a similar tendency exists in ANSYS numerical solution and perturbation solution. As can be inferred, the results of numerical solution and perturbation solution are very consistent since the maximum error is less than 10%, so the creditability and rationality of the perturbation method are verified.
The effect of material parameters on the nonlinear response of deep thin spherical shells under external pressure is considered in Figures 9(a) and 10(a) . In these figures the maximum internal force 1 occurs in the shells made of concrete, followed by the steel shells, and the 1 of the rubber shell is the smallest. On the contrary, the internal force 1 shows an opposite tendency. In comparison, the change of perturbation solution is in close accord with that of numerical solution. A global error analysis is carried out on the result using the two different ways in Figures 9(b) and 10(b) . As can be observed, the agreement with the numerical solution is fairly good. The global error between numerical solution and perturbation solution is not greater than 5%.
Besides, in the figures which show the effect of geometric and material parameters on the internal forces 1 of the deep thin spherical shells, it is obvious that, near the top of the deep thin spherical shell, the internal force 1 tends to infinity and the error is far beyond normal tolerance, which shows that the perturbation solution is not applicable near the top of the shells.
Conclusions
(1) On the basis of the Kirchhoff-Love hypothesis and the general theory of elastic thin shells, the author established a fundamental equation for a thin shell under the moment theory. Thus, it is not necessary to prove that the mid-surface meridian displacement = 0 under the edge effect. However, it is still feasible to employ a composite expansion to find the boundary value of axisymmetric bending deep thin spherical shells.
(2) The perturbation solution's internal forces are close to the numerical solutions by ANSYS, which means the method proposed in this paper does well in validity. thin spherical shells, while the impact of the central angle and material parameters on the internal forces
